. Thus, in order to study minimal immersions one can look at harmonic Riemannian immersions.
A natural generalization of harmonic maps and minimal immersions can be given by considering the functionals obtained integrating the square of the norm of the tension field or of the mean curvature vector field, respectively. More precisely:
• biharmonic maps are the critical points of the bienergy functional
• Willmore immersions are the critical points of the Willmore functional
where K is the sectional curvature of (N, h) restricted to the image of M 2 . Workshop in Differential Geometry -Córdoba -June 2005" for their exquisite hospitality and the opportunity of presenting a lecture. The second author wishes to thank Renzo Caddeo and the Dipartimento di Matematica e Informatica, Università di Cagliari, for hospitality during the preparation of this paper.
The biharmonic equation
Let φ : (M, g) → (N, h) be a smooth map, then, for a compact subset Ω ⊂ M , the energy of φ is defined by A smooth map φ : (M, g) → (N, h) is biharmonic if it is a critical point, for any compact subset Ω ⊂ M , of the bienergy functional
We will now derive the biharmonic equation, that is the Euler-Lagrange equation associated to the bienergy. For simplicity of exposition we will perform the calculation for smooth maps φ : (M, g) → R n , defined by φ(p) = (φ 1 (p), . . . , φ n (p)), To compute the corresponding Euler-Lagrange equation, let φ t = φ + tX be a one-parameter smooth variation of φ in the direction of a vector field X on R n and denote with δ the operator d/dt| t=0 . We have
where in the last equality we have used that ∆ is self-adjoint. Since δ(E 2 (φ t )) = 0, for any vector field X, we conclude that φ is biharmonic if and only if
Moreover, if φ : M → R n is a Riemannian immersion, then, using Beltrami equation ∆φ = −mH, we have that φ is biharmonic if and only if
Therefore, as mentioned in the introduction, we recover Chen's definition of biharmonic submanifolds in R n . For a smooth map φ : (M, g) → (N, h) the Euler-Lagrange equation associated to the bienergy becomes more complicated and, as one would expect, it involves the curvature of the codomain. More precisely, a smooth map φ : (M, g) → (N, h) is biharmonic if it satisfies the following biharmonic equation
where
is the curvature operator on N . From the expression of the bitension field τ 2 it is clear that a harmonic map (τ = 0) is automatically a biharmonic map, in fact a minimum of the bienergy.
We call a non-harmonic biharmonic map a proper biharmonic map.
Non-existence results
As we have just seen, a harmonic map is biharmonic, so a basic question in the theory is to understand under what conditions the converse is true. A first general answer to this problem, proved by G.Y. Jiang, is Theorem 3.1 ([33, 34] Jiang's theorem is a direct application of the Weitzenböck formula. In fact, if φ is biharmonic, the Weitzenböck formula and τ 2 (φ) = 0 give 1 Then, since M is compact, by the maximal principle, we find that dτ (φ) = 0. Now using the identity
we deduce that div dφ, τ (φ) = |τ (φ)| 2 and, after integration, we conclude. The main tool in the study of biharmonic submanifolds of N (c) is the decomposition of the bitension field in its tangential and normal components. Then, asking that both components are identically zero, we conclude that the canonical inclusion i : M → N (c) is biharmonic if and only if • Every biharmonic curve of R n is an open part of a straight line [24] .
• Every biharmonic submanifold of finite type in R n is minimal [24] .
• There exists no proper biharmonic hypersurface of R n with at most two principal curvatures [24] .
• Let M m be a pseudo-umbilical submanifold of R n . If m = 4, then M is biharmonic if and only if minimal [24] .
• Let M 3 be a hypersurface of R 4 . Then M is biharmonic if and only if minimal [30] .
• Any submanifold of S n cannot be biharmonic in R n+1 [19] . 
Using this formula we find some non-existence results which are, in some sense, dual to those for Riemannian immersions. They can be stated as follows: 
Biharmonic Riemannian immersions
In this section we report on the known examples of proper biharmonic Riemannian immersions. Of course, the first and easiest examples can be found looking at differentiable curves in a Riemannian manifold. This is the first class we shall describe.
Let γ : I → (N, h) be a curve parametrized by arc length from an open interval I ⊂ R to a Riemannian manifold. In this case the tension field becomes τ (γ) = ∇ T T, T = γ , and the biharmonic equation reduces to
To describe geometrically Equation (4.1) let us recall the definition of the Frenet frame.
Definition 4.1 (See, for example, [37] ). The Frenet frame {F i } i=1,...,n associated to a curve γ : I ⊂ R → (N n , h), parametrized by arc length, is the orthonormali-
..,n , described by:
where the functions {k 1 
γ is the connection on the pull-back bundle γ −1 (T N). Note that F 1 = T = γ is the unit tangent vector field along the curve.
We point out that when the dimension of N is 2, the first curvature k 1 is replaced by the signed curvature.
Using the Frenet frame, we get that a curve is proper (
4.1. Biharmonic curves on surfaces. Let (N 2 , h) be an oriented surface and let γ : I → (N 2 , h) be a differentiable curve parametrized by arc length. Then Equation (4.2) reduces to
where k g is the curvature (with sign) of γ and G = R(T, N, T, N ) is the Gauss curvature of the surface.
As an immediate consequence we have: 
) be a curve in the xz-plane and consider the surface of revolution, obtained by rotating this curve about the z-axis, with the standard parametrization
where v is the rotation angle. Assuming that α is parametrized by arc length, we have 
Example 4.4 (Torus)
. On a torus of revolution with its standard parametrization
, a > r, the biharmonic parallels are
Example 4.5 (Sphere). There is a geometric way to understand the behaviour of biharmonic curves on a sphere. In fact, the torsion τ and curvature k (without sign) of γ, seen in the ambient space R 3 , satisfy k g (k g + τk 2 r) = 0. From this we see that γ is a proper biharmonic curve if and only if τ = 0 and k = √ 2/r, i.e. γ is the circle of radius r/ √ 2.
For more examples see [14, 15] .
4.2.
Biharmonic curves of the Heisenberg group H 3 . The Heisenberg group H 3 can be seen as the Euclidean space R 3 endowed with the multiplication
and with the left-invariant Riemannian metric g given by
Let γ : I → H 3 be a differentiable curve parametrized by arc length. Then, from (4.2), γ is a proper biharmonic curve if and only if
Here {e 1 , e 2 , e 3 } is the left-invariant orthonormal basis with respect to the metric (4.3). By analogy with curves in R 3 , we use the name helix for a curve in a Riemannian manifold having both geodesic curvature and geodesic torsion constant.
Using System (4.4), in [16] , R. Caddeo, C. Oniciuc and P. Piu showed that a proper biharmonic curve in H 3 is a helix and gave their explicit parametrizations, as shown in the following where 2A = cos α 0 ± 5(cos α 0 ) 2 − 4, α 0 ∈ (0, arccos
Theorem 4.6 ([16]). The parametric equations of all proper biharmonic curves
Geometrically, proper biharmonic curves in H 3 can be obtained as the intersection of a minimal helicoid with a round cylinder. Moreover, they are geodesic of this round cylinder.
The above method can be extended to study biharmonic curves in CartanVranceanu three-manifolds (N 3 , ds 
This two-parameter family of metrics reduces to the Heisenberg metric for m = 0 and = 1. The system for proper biharmonic curves corresponding to the metric ds 2 m, can be obtained by using the same techniques, and turns out to be
System 4.7 also implies that the proper biharmonic curves of (N, ds 2 m, ) are helices [13] . The explicit parametrization of proper biharmonic curves of (N, ds 2 m, ) was given in [23] , for = 1, and in [13] in general.
We point out that biharmonic curves were studied in other spaces which are generalizations of the above cases. For example:
• In [28] , D. Fetcu studied biharmonic curves in the (2n + 1)−dimensional Heisenberg group H 2n+1 and obtained two families of proper biharmonic curves.
• A. Balmuş studied, in [6] , the biharmonic curves on Berger spheres S 3 ε , obtaining their explicit parametric equations.
The biharmonic submanifolds of S
3 . In [11] the authors give a complete classification of the proper biharmonic submanifolds of S 3 . Using System(4.2) it was first proved that the proper biharmonic curves γ : I → S 3 are the helices with k 2 + τ 2 = 1. If we look at γ as a curve in R 4 , the biharmonic condition can be expressed as
Now, by integration of (4.8), we obtain 
) ⊂ S 3 with slope different from ±1.
As to proper biharmonic surfaces M 2 ⊂ S 3 of the three-dimensional sphere, one can first prove that Equation (3.1) implies the following 
).
Now, since the Clifford torus
) is minimal in S 3 , we can state:
4.4.
Biharmonic submanifolds of S n . We start describing some basic examples of proper biharmonic submanifolds of 
) and the generalized Clifford torus are the only known examples of proper biharmonic hypersurfaces of S m+1 . As we have seen in Theorem 4.10, for S 3 , the hypersphere
) is the only one.
Open problem: classify all proper biharmonic hypersurfaces of S m+1 .
The situation seems much richer if the codimension is greater than one. We shall present a construction of proper biharmonic submanifolds in S n . Let M be a submanifold of S n−1 ( This shows the existence of an abundance of proper biharmonic surfaces in S 4 , in contrast with the case of S 3 . The biharmonic submanifolds that we have produced so far are all pseudoumbilical, i.e. A H = |H| 2 I. We now want to give examples of biharmonic submanifolds of S n that are not of this type. With this aim, let n 1 , n 2 be two positive integers such that n = n 1 + n 2 , and let r 1 , r 2 be two positive real numbers such that r If M is a submanifold of S n with |H| = constant, then it is possible to give a partial classification. In fact we have
Theorem 4.16 ([48]). Let M be a submanifold of S
n such that |H| is constant.
then M is biharmonic if and only if it is pseudo-umbilical and
As an immediate consequence we have
Corollary 4.17 ([48]). If M is a compact orientable hypersurface of S n with |H| = 1, then M is proper biharmonic if and only if
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Another partial classification for compact hypersurfaces in S n was given in [22] , in terms of the length of the second fundamental form and of the sign of the sectional curvature.
We end this section presenting two classes of proper biharmonic curves of S N is a (2r + 1)-dimensional manifold; η is an one-form satisfying (dη) r ∧ η = 0; ξ is the vector field defined by η(ξ) = 1 and dη(ξ, ·) = 0; ϕ is an endomorphism field; g is a Riemannian metric on N such that, ∀X, Y ∈ C(T N),
If the sectional curvature is constant on all ϕ-invariant tangent 2-planes of N , then N is called of constant holomorphic sectional curvature. Moreover, if a Sasaki manifold N is connected, complete and of constant holomorphic sectional curvature, then it is called a Sasakian space form. We have the following classification.
Theorem 4.19 ([9]). A simply connected three-dimensional Sasakian space form is isomorphic to one of the following:
a) the special unitary group SU (2) b) the Heisenberg group H 3 c) the universal covering group of SL 2 (R).
In particular, a simply connected three-dimensional Sasakian space form of constant holomorphic sectional curvature 1 is isometric to S 3 . In [32] , J. Inoguchi classified proper biharmonic Legendre curves and Hopf cylinders in three-dimensional Sasakian space forms. To state Inoguchi results we recall that:
• a curve γ : I → N parametrized by arc length is Legendre if η(γ ) = 0; • a Hopf cylinder is S γ = π −1 (γ), where π : N → N = N/G is the projection of N onto the orbit space N determined by the action of the one-parameter group of isometries generated by ξ, when the action is simply transitive. T. Sasahara classified, in [53] , proper biharmonic Legendre surfaces in Sasakian space forms and, in the case when the ambient space is the unit 5-dimensional sphere S 5 , he obtained their explicit representations.
Theorem 4.22 ([53]). Let φ : M 2 → S 5 be a proper biharmonic Legendre immersion. Then the position vector field
6 is given by:
Other results on biharmonic Legendre curves and biharmonic anti-invariant surfaces in Sasakian space forms and (k, µ)-manifolds were obtained in [1, 2] .
Biharmonic Riemannian submersions
In this section we discuss some examples of proper biharmonic Riemannian submersions. From the expression of the bitension field (3.2) we have immediately the following 
(For more details on the metrics on the tangent bundle see, for example, [49] .) The biharmonicity of the map π depends on the choice of the connection coefficients N 
be a conformal change of the connection ∇. Then π is a proper biharmonic map.
Another important class of biharmonic Riemannian submersions was described in [7] and it is descried as follows. Let (M, g) and (N, h) be Riemannian manifolds and denote by M × f 2 N their warped product with respect to a positive function on M , then the projection π : M × f 2 N → M is a Riemannian submersion with τ (π) = n grad(ln f ) • π. When ln f is affine, grad(ln f ) is Killing of constant norm, hence π is biharmonic.
Biharmonic maps between Euclidean spaces
), x ∈ R m be a smooth map. Then, the bitension field assumes the simple expression τ 2 (φ) = (∆ 2 φ 1 , . . . , ∆ 2 φ n ). Thus, a map φ : R m → R n is biharmonic if and only if its component functions are biharmonic.
If we want proper solutions defined everywhere, then we can take polynomial solutions of degree three. If we look for maps which are not defined everywhere, then there are interesting classes of examples. One of these can be described as follows.
A smooth map φ :
Assume that the map ϕ is not constant. An axially symmetric map φ = ρ × ϕ :
is harmonic if and only if ϕ is an eigenmap of eigenvalue 2k > 0 (see [25] for the definition of eigenmaps) and [7] , where the authors give the following classification. 
where c Using (6.2) it follows that φ is proper biharmonic if and only if m = + 2. For = 2 this result was first obtained in [3] . We also note that the proper biharmonic map φ : This problem was attacked in [3] , where P. Baird and D. Kamissoko first proved the following general result. 
) is the identity map 1, we call a conformally equivalent metricg = e 2ρ g, for which 1 becomes biharmonic, a biharmonic metric with respect to g.
Applying the maximum principle we have There is a surprising connection between biharmonic metrics and isoparametric functions. We recall that a smooth function f : M → R is called isoparametric if, for each x ∈ M where grad f x = 0, there are real functions λ and σ such that
on some neighbourhood of x. The above mentioned link is provided by the following This equation was used in [5] to prove similar results to Theorem 7.3, for the conformal change of the metric on the codomain. In a similar setting, in [46, 47] , C. Oniciuc constructed new examples of biharmonic maps deforming the metric on a sphere. More precisely, let S n ⊂ R n+1 be the n-dimensional sphere endowed with the conformal modified metric e 2ρ , , where , is the canonical metric on S n and ρ(x) = x n+1 . Let S n−1 = {x ∈ S n : x n+1 = 0} be the equatorial sphere of S n . Then the inclusion i :
is a proper biharmonic map. This result was generalized in Theorem 7.4 ([46, 47] ). Let M be a minimal submanifold of (S n−1 , , ). Then M is a proper biharmonic submanifold of (S n , e 2ρ , ).
Observe that even a geodesic γ : I → (N, h) will not remain harmonic after a conformal change of the metric on (N, h), unless the conformal factor is constant. As to biharmonicity of γ we have the following. For example, take (N, h) = (R 2 , g = dx 2 + dy 2 ) and f (r) = ln (r 2 + 1), where r = x 2 + y 2 is the distance from the origin. Then any straight line on the flat R 2 turns to a biharmonic curve on (R 2 ,ḡ = (r 2 + 1) 2 (dx 2 + dy 2 )), which is the metric, in local isothermal coordinates, of the Enneper minimal surface.
Biharmonic morphisms
In analogy with the case of harmonic morphisms (see [4] ) the definition of biharmonic morphisms can be formulated as follows. 
If M is compact, the notion of biharmonic morphisms becomes trivial, in fact we have
then φ is a biharmonic morphism if and only if it is a harmonic morphism of constant dilation, hence a homothetic submersion with minimal fibers.
In [51] , Y.-L. Ou, using the theory of p-harmonic morphisms, proved the following properties. 
The second variation of biharmonic maps
The second variation formula for the bienergy functional E 2 was obtained, in a general setting, by G.Y. Jiang in [34] . For biharmonic maps in Euclidean spheres, the second variation formula takes a simpler expression. Although the expression of the operator I is rather complicated, in some particular cases it becomes easy to study.
In the instance when φ is the identity map of S n , I 1 has the expression .
A large class of biharmonic maps for which it is possible to study the Hessian is obtained using the following generalization of Theorem 4.13. When ψ is the identity map of S n−1 (
) we have Theorem 9.6 ([41] , [8] ). The biharmonic index of the canonical inclusion i :
) → S n is exactly 1, and its nullity is n(n−1) 2 + n. , has index at least m + 2, when m ≤ 4, and at least 2m + 3, when m > 4.
In Theorem 9.6 and Proposition 9.7 the map ψ was a minimal immersion. We shall consider now the case of harmonic Riemannian submersions, and choose for ψ the Hopf map. is at least 11, while its nullity is bounded from below by 8.
We note that, for the above results, the authors described explicitly the spaces where I φ is negative definite or vanishes. For the case of surfaces in Sasakian space forms, T. Sasahara, considering a variational vector field parallel to H, gave a sufficient condition for proper biharmonic Legendre submanifolds into an arbitrary Sasakian space form to be unstable. This condition is expressed in terms of the mean curvature vector field and of the second fundamental form of the submanifold. In particular 
